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COMPACT QUANTUM GROUP STRUCTURES ON TYPE-I C∗-ALGEBRAS
ALEXANDRU CHIRVASITU, JACEK KRAJCZOK, AND PIOTR M. SOŁTAN
Abstract. We prove a number of results having to do with equipping type-I C∗-algebras with
compact quantum group structures, the two main ones being that such a compact quantum
group is necessarily co-amenable, and that if the C∗-algebra in question is an extension of a
non-zero finite direct sum of elementary C∗-algebras by a commutative unital C∗-algebra then
it must be finite-dimensional.
Introduction
The theory of locally compact quantum groups is inextricably connected to the theory of oper-
ator algebras. In fact, paraphrasing S.L. Woronowicz [Wor80, Section 0], any theorem on locally
compact quantum groups is one on C∗-algebras. In the present paper we will focus on some of the
interplay between the theory of compact quantum groups and operator algebras. Examples of such
an interplay are motivated by results such as the well known equivalence between amenability of a
discrete group Γ and nuclearity of the C∗-algebra C∗
r
(Γ) ([Lan73, Theorem 4.2]). This particular
fact has been generalized to compact quantum groups (i.e. duals of discrete quantum groups, see
[PW90, Section 3]) of Kac type by Tomatsu in [Tom06, Corollary 1.2] and in a weakened form
to all compact quantum groups in [Tom06, Theorem 3.9] (see also [BT03, Theorem 3.3]). Some
of these topics were pursued further e.g. in [Boc95, DLRZ02] in the language of quantum group
actions as well as in [Boc95, SV14, CN16] in the locally compact case.
The moral of the above-mentioned research activity is that one can learn about certain “group-
theoretical” properties of a compact quantum group G by studying purely operator theoretic
properties of the C∗-algebra C(G). Furthermore one can often show that certain C∗-algebras do
not admit a compact quantum group structure solely on the basis of some of their properties as C∗-
algebras. Examples of such results are given in [Soł10a, Soł10b] and also [Soł14] and most recently
[KS20a]. In this last paper the second and third author show that the C∗-algebra known as the
Toeplitz algebra (the C∗-algebra generated by an isometry) does not admit a structure of a compact
quantum group. The main tools are built out of certain direct integral decompositions available for
so called type-I quantum groups, i.e. locally compact quantum groups whose universal quantum
group C∗-algebra is of type I with particular emphasis on C∗-algebras of type I with discrete CCR
ideal (see Section 1).
In the present paper the techniques of [KS20a] are vastly generalized and applied to a number
of problems. Moreover the direct integral decompositions of representations (and other objects)
are avoided. In the preliminary Section 1 we introduce our basic tools, recall certain objects
such as the CCR ideal of a C∗-algebra and prove a number of lemmas concerning implementation
of automorphisms on C∗-algebras with discrete CCR ideals. The main result of Section 2 is
Theorem 2.7 which says that a compact quantum groupG with C(G) of type I must be co-amenable
([BMT01, Section 1]). Along the way we prove a number of results about the scaling group of
a compact quantum group which allow to reprove the result of Daws ([Daw13]) about automatic
admissibility of finite dimensional representations of any discrete quantum group (cf. [Soł05a,
Section 2.2]).
In the final Section 3 we discuss compact quantum group structures on C∗-algebras which are
extensions of a finite direct sum of algebras of compact operators by a commutative C∗-algebra.
Examples of such C∗-algebras occur quite frequently in non-commutative geometry and include
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the Podleś spheres ([Pod87, Dą03]), the quantum real projective plane ([HS02, Section 3.2] and
some weighted quantum projective space ([BS18, Section 3]) and many others (see Section 3). We
show that such C∗-algebras do not admit any compact quantum group structure which answers
several questions left open in [Soł10a, Soł10b] and provides a number of fresh examples of naturally
occurring quantum spaces with this property.
Our exposition is based on a number of standard references. Thus we refer to classic texts
such as [Dix77, Arv76] for all necessary background on C∗-algebras and to [Wor87a, NT13] for
the theory of compact quantum groups. We have tried to keep the terminology and notation
consistent with recent trends and as self-explanatory as possible. In particular, for a compact
quantum group G we denote by C(G) the (usually non-commutative) C∗-algebra playing the role
of the algebra of continuous functions on G. The symbol Irr(G) will denote the set of equivalence
classes of irreducible representations of G and for a class α ∈ Irr(G) the dimension of α will be
denoted by nα. Since in the theory of compact quantum groups we allow the C
∗-algebras C(G) to
be sitting strictly between the reduced and universal versions (see [BMT01]), we will write C
r
(G)
and C
u
(G) for these two distinguished completions of the canonical Hopf ∗-algebra Pol(G) inside
C(G).
Acknowledgments. AC is grateful for funding through NSF grants DMS-1801011 and DMS-
2001128.
The second and third authors were partially supported by the Polish National Agency for the
Academic Exchange, Polonium grant PPN/BIL/2018/1/00197 as well as by the FWO–PAS project
VS02619N: von Neumann algebras arising from quantum symmetries.
1. Preliminaries
All C∗-algebras are unital except when we specify otherwise, or with obvious exceptions such
as the algebra of compact operators on an infinite-dimensional Hilbert space.
We denote by Â the spectrum of the C∗-algebraA, i.e. the set of equivalence classes of irreducible
non-zero representations ([Dix77, §2.2.1 & §2.3.2]).
For a Hilbert space H we denote by K(H) the algebra of compact operators on H . Furthermore
for a family H = {Hλ}λ∈Λ of Hilbert spaces we set
K(H) := c0 -
⊕
λ∈Λ
K(Hλ) (1-1)
the algebra of compact operators in
H =
⊕
λ∈Λ
Hλ
preserving that direct sum decomposition. In general, for non-unital C∗-algebras A, we write A+
for the minimal unitization of A.
1.1. Type-I C∗-algebras. We will work with type-I C∗-algebras in the sense of [Gli61], which
provides numerous equivalent characterizations. Textbook sources are [Dix77, Chapter 9] and
[Arv76, §1.5 and Chapters 2 and 4].
Recall e.g. from [Arv76, discussion preceding Definition 1.5.3] the following definition:
Definition 1.1. For a C∗-algebraA, the CCR ideal CCR(A) is the intersection, over all irreducible
representations
π : A −→ B(H),
of the pre-images π−1(K(H)) of the ideal K(H) of compact operators on H .
In other words, CCR(A) consists of those elements that are compact in every irreducible rep-
resentation.
Definition 1.2. A (typically type-I) C∗-algebra A is said to have discrete CCR ideal if its CCR
ideal CCR(A) is of the form K(H) as in (1-1) for some family H = {Hλ}λ∈Λ of Hilbert spaces.
We occasionally also say A is discrete-CCR or CCR-discrete for brevity, though note that this
does not mean it is CCR!
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Now let A be a type-I discrete-CCR C∗-algebra, with
CCR(A) = K(H), H = {Hλ}λ∈Λ
and set
H :=
⊕
λ∈Λ
Hλ. (1-2)
The ideal K(H) ⊂ A is represented in the obvious fashion on H with each component K(Hλ)
acting naturally on Hλ. This representation ρ0 : K(H)→ B(H) extends uniquely to a representa-
tion
ρ : A −→ B(H)
by e.g. [Arv76, Theorem 1.3.4].
Lemma 1.3. Let A be a type-I C∗-algebra with CCR(A) of the form (1-1). Representation ρ is
faithful and every automorphism of A is given by conjugation by some unitary U ∈ U(H).
Furthermore, if the family H is a singleton then that unitary is unique up to scaling by T1.
Proof. Recall from [Arv76, pp. 14–15] that the representation ρ is constructed from ρ0 : CCR(A) =
K(H)→ B(H) as follows: an element a ∈ A is mapped to the unique element ρ(a) of B(H) such
that ρ(a)ρ0(x) = ρ0(ax) for all x ∈ CCR(A). By construction ρ =
⊕
λ∈Λ
ρλ, where ρλ is constructed
analogously from ρλ0 : K(Hλ) → B(Hλ). Since each ρ
λ
0 is irreducible, so is each ρ
λ ([Arv76,
Theorem 1.3.4]).
We now note that the CCR-ideal CCR(A) is essential. Indeed, CCR(A) is the largest CCR
ideal in A (cf. [Arv76, p. 24]). But every ideal in A is type I and every type-I C∗-algebra contains
a non-zero CCR ideal, so any non-zero ideal of A must have a non-zero intersection with CCR(A).
It follows that ρ is faithful.
Now for any α ∈ Aut(A) the representation ρλ0 ◦α is equivalent to ρ
λ
0 , so by [Arv76, Thm. 1.3.4]
ρλ is equivalent to ρλ ◦ α (because for a ∈ A and x ∈ CCR(A) we have (ρλ ◦ α)(a)(ρλ0 ◦ α)(x) =
(ρλ0 ◦ α)(ax)). For each λ let Uλ be a unitary implementing the equivalence. Then U =
⊕
λ∈Λ
Uλ
implements equivalence between ρ ◦ α and ρ.
As for uniqueness, it follows from the fact that when H = {Hλ}λ∈Λ is a singleton the represen-
tation ρ is irreducible, and hence the only self-intertwiners of ρ are the scalars. 
Of more interest to us, however, will be one-parameter automorphism groups (where we can
also recover some measure of uniqueness):
Lemma 1.4. Let A be a type-I C∗-algebra with CCR(A) of the form (1-1). A one-parameter
automorphism group (αs)s∈R of A is given by conjugation by a one-parameter unitary group
R ∋ s 7−→ Us ∈
∏
λ∈Λ
U(Hλ) ⊂ U(H),
preserving the decomposition (1-2), unique up to scaling by an individual character χλ : R→ T on
each Hλ.
Proof. Every automorphism of A will permute the summands K(Hλ) of K(H), so a one-parameter
group will preserve each summand by continuity. But this means that on each Hλ the automor-
phisms (αs)s∈R are given by conjugation by a projective unitary representation ([Var85, Chapter
VII, Section 2]) of R on Hλ. Since projective representations of R lift to plain unitary representa-
tions, for each s we have
αs
∣∣
B(Hλ)
= conjugation by bis
for a possibly-unbounded positive self-adjoint non-singular operator b on Hλ. This lift is moreover
unique up to multiplication by a character R→ U(Hλ) because K(Hλ) acts irreducibly on Hλ. 
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1.2. Scaling groups. We recall the following well-known observation.
Lemma 1.5. Let G and H be compact quantum groups. Any Hopf ∗-homomorphism
φ : C(G) −→ C(H)
(i.e. a unital ∗-homomorphism satisfying ∆H ◦ φ = (φ ⊗ φ) ◦ ∆G) intertwines scaling groups, in
the sense that
φ ◦ τGs (a) = τ
H
s ◦ φ(a), ∀ s ∈ R, a ∈ Pol(G).
Proof. Assume first that C(G) = C
u
(G),C(H) = C
u
(H) are universal versions of the algebras of
continuous functions. In this case our lemma is simply a reformulation of [MRW12, Proposition
3.10, equation (20)].
Consider now the general case. Observe that φ restricts to a map Pol(G) → Pol(H), hence by
the universal property of C
u
(G) we can extend φ|Pol(G) to a ∗-homomorphism φ˜ : Cu(G)→ Cu(H).
Clearly φ˜ is a Hopf ∗-homomorphism, hence by the above argument φ˜ intertwines scaling groups.
As φ and φ˜ are equal on Pol(G) and the canonical morphisms C
u
(G) → C(G), C
u
(H) → C(H)
intertwine scaling groups, we arrive at the claim. 
2. Admissibility and co-amenability
Throughout the discussion we denote by G a compact quantum group and by Γ = Ĝ its discrete
quantum dual. The following observation will be put to use repeatedly; it is [CS19, lemma 2.3],
and it follows from Lemma 1.5 upon noting that finite-dimensional representations factor through
Kac quotients.
Proposition 2.1. Every finite-dimensional representation ρ : A → Mn of the CQG algebra
A = C(G) is invariant under the scaling group (τs)s∈R of G, in the sense that
ρ ◦ τs(a) = ρ(a), ∀ s ∈ R, a ∈ Pol(G).
Proposition 2.1 has a number of consequences. First, note the following generalization.
Corollary 2.2. Let B be a C∗-algebra all of whose irreducible representations are finite-dimen-
sional and A = C(G) for a compact quantum group G. Then, every morphism ρ : A → B is
invariant under the scaling group (τs)s∈R of G.
Proof. Indeed, it follows from Proposition 2.1 that for every irreducible representation π : B →Mn
the composition π ◦ ρ is invariant under τ . The conclusion follows from the fact that the direct
sum of all π is faithful on B (i.e. every C∗-algebra embeds into the direct sum of its irreducible
representations). 
Secondly, we obtain the following alternative proof of [Daw13, Corollary 6.6] or [Vis17, Propo-
sition 3.3] which concerns admissibility of finite representations of discrete quantum. The relevant
terminology is explained in [Soł05a, Daw13, DDS19].
Theorem 2.3. Every finite-dimensional unitary representation of a discrete quantum group is
admissible.
Proof. Let G be a compact quantum group and denote by Γ the dual of G. Furthermore put
A := C
u
(G). As explained in [PW90, Theorem 3.4] (cf. [Kus01, Proposition 5.3], [SW07, Section
5]), a unitary representation of Γ on Cn is defined by a morphism ρ : A →Mn.
Proposition 2.1 ensures that ρ is invariant under the scaling group of G. But then, by [DDS19,
Proposition 3.2 and Remark 3.4], the representation of Γ associated to ρ will be admissible. 
Next, we have the following sufficient criterion for the co-amenability of a compact quantum
group G. It appears as [CS19, Proposition 2.5], and we include a slightly different proof here.
Theorem 2.4. A compact quantum group G is co-amenable if and only if the reduced algebra
C
r
(G) admits a morphism ρ : C
r
(G)→Mn to a finite-dimensional C
∗-algebra.
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Proof. Co-amenability means the counit is bounded on C
r
(G), so only the backwards implication
‘⇐’ is interesting. We know from Proposition 2.1 that ρ is invariant under the scaling group τs,
s ∈ R, so by analytic continuation its restriction to the dense Hopf ∗-subalgebra Pol(G) ⊂ C
r
(G)
is invariant under the squared antipode
S2 = τ−i
([NT13, p.32]). Once we have S2-invariance, co-amenability follows from [BMT02, Theorem 4.4].

Remark 2.5. Theorem 2.4 generalizes [BMT01, Theorem 2.8], which requires the existence of
a bounded character, and strengthens [BMT02, Theorem 4.4] by removing the S2-invariance hy-
pothesis (which is automatic).
For future reference, we also record the following description of the Kac quotient of a CQG
algebra.
Proposition 2.6. Let A = C(G) and (τs)s∈R the corresponding scaling group.
The Kac quotient Akac is precisely the largest quotient of A on which τs acts trivially, i.e. the
quotient by the ideal generated by the elements
τs(a)− a, s ∈ R, a ∈ Pol(G). (2-1)
Proof. On the one hand, since (τs)s∈R is a one-parameter group of CQG automorphisms (i.e. each
τs preserves both the multiplication and the comultiplication), the quotient
A −→ B (2-2)
by the ideal generated by (2-1) is indeed a CQG algebra. Since furthermore (2-2) intertwines
scaling groups (Lemma 1.5) the scaling group of B is trivial by construction and hence B is Kac;
this means that (2-2) factors as
A // Akac // B .
On the other hand, the morphism A → Akac also intertwines scaling groups. Since its codomain
has trivial scaling group, it must vanish on all elements of the form (2-1) and hence factor through
B. In short, the kernels of A → Akac and (2-2) coincide. 
Next, the goal will be to prove
Theorem 2.7. Let G be a compact quantum group such that A = C(G) is type-I. Then G is
co-amenable.
Let A = C(G), as in the statement, i.e. we assume that A is type-I. By [Sak66, Main Theorem]
A is GCR, or postliminal in the sense of [Dix77, Definition 4.3.1]. Let
0 = I0 ⊂ I1 ⊂ · · · ⊂ Iα = A (2-3)
the canonical transfinite composition sequence of ideals with postliminal subquotients Iβ+1/Iβ
provided by [Dix77, Proposition 4.3.3], where α is some ordinal number. We need
Lemma 2.8. A unital type-I C∗-algebra A has at least one non-zero finite-dimensional irreducible
representation.
Proof. The ordinal α in (2-3) cannot be a limit ordinal: if it were, then by the very definition of
a composition sequence ([Dix77, Definition 4.3.2]) Iα = A would be the closure of the ascending
chain of proper ideals Iβ , β < α, contradicting the fact that these are proper ideals in a unital
C∗-algebra and hence are all at distance 1 from the unit 1 ∈ A.
It follows that α = β +1 for some ordinal β, and hence the top liminal quotient A/Iβ must be
a (non-zero!) unital liminal C∗-algebra. It thus follows that all of its irreducible representations
are finite-dimensional [Dix77, 4.7.14]. 
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Remark 2.9. Alternatively one could choose a proper maximal ideal I in A and note that then
A/I is a type-I simple unital C∗-algebra. Thus any representation of A/I is faithful, and there
exists an irreducible one, say φ : A/I → B(H). The range of φ contains K(H), and hence it must
be equal to K(H) (otherwise φ−1(K(H)) would be a proper ideal in A/I), but A/I is unital and
and φ is faithful, so H must be finite dimensional.
Proof of Theorem 2.7. Let h be the Haar measure of G and J the ideal{
x ∈ A
∣∣ h(x∗x) = 0} ⊂ A.
The quotient A/J will then be the reduced version C
r
(G) and again of type I. Since it has a
finite-dimensional representation by Lemma 2.8, co-amenability follows from Theorem 2.4. 
3. Extensions of K(H) by C(X)
Throughout the present section, A denotes a C∗-algebra fitting into an exact sequence
0 // K(H) // A
pi
// C // 0 (3-1)
where
• C = C(X) for a (non-empty and for us always Hausdorff) compact space X ,
• the ideal K(H) is as in (1-1), where
H = {Hλ}λ∈Λ, dimHλ ≥ 2, ∀ λ ∈ Λ (3-2)
is a finite, non-empty family of Hilbert spaces.
Note that such A is automatically of type I and K(H) is its CCR-ideal. We denote
H :=
⊕
λ∈Λ
Hλ. (3-3)
We list some examples of interest.
Example 3.1. For any finite family (3-2), the unitization K(H)+ satisfies the hypotheses.
Example 3.2. The Toeplitz C∗-algebra T (∂D) ([HR00, Definition 2.8.4]) associated to a strongly
(or strictly) pseudoconvex domain Ω ⊂ Cn ([Kra01, §3.2] or [Upm96, Definition 1.2.18]) is of the
form above, with H a singleton.
This applies in particular to the case when D is the open unit disk in C. T (∂D) is then the
universal C∗-algebra generated by an isometry, and Theorem 3.5 below specializes to the main
result of [KS20b].
Example 3.3. The non-quotient Podleś spheres introduced in [Pod87] and surveyed for instance
in [Dą03, §2.5, point 5]. According to [She91, Proposition 1.2] those algebras (denoted here
collectively by A) are all isomorphic to the pullback of two copies of the symbol map T → C(S1).
It follows that the C∗-algebra in question fits into an extension
0 // K(ℓ2)⊕K(ℓ2) // A // C(S1) // 0
i.e. of the form (3-1) for a two-element family H = {Hλ}λ∈Λ of Hilbert spaces.
Example 3.4. As recalled in [Les91, Example, p.123], the algebra CZ(M) of Calderón-Zygmund
operators (i.e. pseudo-differential operators of order zero; cf. e.g. [Ste93, §VI.1]) on a smooth
compact manifold M fits into an exact sequence
0 // K(L2(M)) // CZ(M) // C(S∗M) // 0
where S∗M denotes the unit sphere bundle attached to the cotangent bundle of M .
With all of this in place, the main result of this section is
Theorem 3.5. If G is a compact quantum group such that a unital C∗-algebra A = C(G) fits into
an exact sequence (3-1) as above, then A is finite-dimensional.
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Remark 3.6. The discreteness hypothesis on the ideal K(H) in Theorem 3.5 is crucial: according
to [Wor87b, Appendix 2], for deformation parameters µ of absolute value < 1 the function algebra
C(SUµ(2)) fits into an exact sequence
0 // C(S1)⊗K(ℓ2) // C(SUµ(2)) // C(S
1) // 0 .
Remark 3.7. Let us also note that the fact that we are dealing with a unital C∗-algebra A
is essential for Theorem 3.5 as well. Indeed the C∗-algebras associated with the non-compact
quantum “az+b” groups ([Wor01, Soł05b]) are extensions of K(H) by C for an infinite dimensional
separable Hilbert space H .
Theorem 3.5 will require some preparation. We will first address the issue of faithfulness of the
Haar measure.
Proposition 3.8. Let A be an extension of K(H) by C(X) as in (3-1) and suppose A = C(G) for
some compact quantum group G. Then G is co-amenable. In particular A = C(G) is reduced.
Proof. This is a direct application of Theorem 2.7, since our C∗-algebra A satisfies the hypotheses
of that earlier result. 
We henceforth write A = C
r
(G) to emphasize the faithfulness of the Haar measure, as allowed
by Proposition 3.8.
Recall from Section 1 that for each λ we have the irreducible representation ρλ : A → B(Hλ)
obtained via the canonical extension of the embedding K(Hλ) →֒ B(Hλ). Now in the present case
{ρλ}λ∈Λ is precisely the subset of those irreducible representations of A which are of dimension
strictly greater than one. It follows that the subset {ρλ}λ∈Λ ⊂ Â of the spectrum is invariant
under every automorphism of A.1 On the other hand, because that set is discrete in our case, each
individual ρλ is invariant under every one-parameter automorphism group of A. In other words,
every one-parameter automorphism group of A (e.g. the modular group (σt)t∈R or the scaling
group (τs)s∈R coming from the CQG structure, for instance)
• restricts to a one-parameter automorphism group of each ideal K(Hλ) of A, and also
• induces a one-parameter automorphism group of the image Aλ of ρ
λ.
In this context, we have
Lemma 3.9. On each Aλ ⊂ B(Hλ), the modular automorphism σt of the Haar measure on A
acts as conjugation by aitλ for some non-singular, positive, trace-class operator aλ.
Proof. The restriction of the Haar measure h to K(Hλ) is of the form Tr
(
d
1
2 ·d
1
2
)
for some positive,
trace-class operator d on Hλ. It follows that
σt
∣∣
K(Hλ)
= conjugation by dit.
On the other hand, we know from Lemma 1.4 that
σt
∣∣
Aλ
= conjugation by aitλ
for a possibly-unbounded non-singular positive self-adjoint operator aλ on Hλ. Since conjugation
by aitλ and d
it agree on K(Hλ), the operators aλ and d must be mutual scalar multiples. Finally,
since d is trace-class, so is aλ. 
Recall that by Lemma 1.4, on each Hλ
τs
∣∣
Aλ
= conjugation by bisλ
for a possibly-unbounded positive self-adjoint non-singular operator bλ on Hλ. Moreover, because
for each s, t ∈ R the automorphisms τs and σt commute, conjugation by b
is
λ and a
it
λ do too (with
aλ as in Lemma 3.9).
1This also follows from a reasoning similar to the one in the proof of Lemma 1.3.
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Proof of Theorem 3.5. If at least one of the spaces Hλ is finite-dimensional then A is finite-
dimensional. Indeed, assume that dim(Hλ) < +∞ for some λ ∈ Λ and let p ∈ A be the central
projection corresponding to the unit of K(Hλ). Then pA is a finite dimensional ideal in A isomor-
phic to K(Hλ) = B(Hλ). It follows that it is also a weakly closed ideal in L
∞(G) ⊆ B(L2(G)),
hence the claim is a consequence of [DCKSS18, Theorem 3.4].
Due to the above observation, we assume all Hλ are infinite-dimensional throughout the rest
of the proof, and derive a contradiction. Observe that G cannot be of Kac type as K(H) has no
faithful bounded traces.
Claim. The operator
⊕
λ∈Λ
bλ implementing the scaling group has finite spectrum.
Assuming the claim for now, we can conclude by noting that since
ρ
(
τs(z)
)
=
⊕
λ∈Λ
bisλ ρλ(z) b
−is
λ
for all z ∈ A and s ∈ R, and operators
⊕
λ∈Λ
bλ,
⊕
λ∈Λ
b−1λ are bounded, the analytic generator τ−i has
bounded extension to all of A. It follows that G is of Kac type (see [NT13, discussion following
Example 1.7.10]), hence we arrive at a contradiction.
It thus remains to prove the claim. We will do this with an argument similar to the one used
in the proof of [KS20b, Theorem 13]. Let us for each α ∈ Irr(G) choose a unitary representation
Uα ∈ α together with an orthonormal basis in the corresponding Hilbert space in which the
positive operator ρα is diagonal with entries
ρα,1, . . . , ρα,nα .
(cf. [NT13, Section 1.4]) Moreover, let Uαu,v (u, v ∈ {1, . . . , nα}) be the corresponding matrix
elements of Uα. Recall that we have a quotient map
π : A −→ C = A/K(H).
Clearly it factors through the canonical Kac quotient Akac ([Soł05a, Appendix]), hence thanks to
the Lemma 1.5 we have π ◦ τs = π for all s ∈ R. On the other hand, τs scales U
α
u,v by ρ
−is
α,uρ
is
α,v,
and hence non-trivially whenever ρα,u 6= ρα,v. Consequently
π(Uαu,v) = 0 whenever ρα,u 6= ρα,v.
This means that upon applying π : A → C, the matrix
Uα =


Uα1,1 · · · U
α
1,nα
...
. . .
...
Uαnα,1 · · · U
α
nα,nα


becomes block-diagonal, with one block for each distinct value in the spectrum of ρα. Having
relabeled that spectrum we can assume that
ρα,1, . . . , ρα,d
are all of the instances of a specific eigenvalue ρ > 1 in that spectrum. Now, define
x =


Uα1,1 · · · U
α
1,d
...
. . .
...
Uαd,1 · · · U
α
d,d

 ∈ B(Cd)⊗ B(H) = B(Cd ⊗H) (3-4)
to be the block of Uα corresponding to ρ.
The fact that the original matrix Uα was unitary and the above remark that off-diagonal Uαu,v
are annihilated by π now imply that (3-4) is unitary mod K(Cd ⊗H). In particular, the operator
x has finite-dimensional kernel by Atkinson’s theorem (e.g. [Arv02, Theorem 3.3.2]).
Consider the operators
A = 1⊗
(⊕
λ∈Λ
aλ
)
and B = 1⊗
(⊕
λ∈Λ
bλ
)
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acting on Cd ⊗H . Clearly they are positive, self-adjoint and non-singular, A is bounded and x,
Bis commute for all s ∈ R. Furthermore, Ait, Bis commute for all t, s ∈ R. Indeed, it suffices to
argue that aitλ , b
is
λ commute for each λ ∈ Λ. As conjugation by these unitary operators implements
the modular and the scaling group on Aλ, we have
aitλ b
is
λ a
−it
λ b
−is
λ = e
i~st
2 , ∀ s, t ∈ R
for some fixed ~ ∈ R (see e.g. [Hal13, p.5 and Definition 14.2]). If ~ 6= 0 then according to the
Stone-von Neumann theorem ([Hal13, Theorem 14.8]) there is a unitary operator from Hλ onto
L2(R)⊗H0 (for some non-zero Hilbert space H0) and identifying
aλ 7−→ exp
(
−i~ d
dx
)
⊗ 1H0 ,
bλ 7−→
(
multiplication by ex
)
⊗ 1H0 .
Neither of these operators is bounded, hence we get a contradiction. It follows that ~ must vanish,
so we can henceforth assume that A and B strongly commute. The following lemma gives us the
claim and ends the proof. 
Lemma 3.10. On a Hilbert space H, let
• a and b be strongly commuting positive self-adjoint non-singular operators with a bounded,
• x be a bounded operator with finite-dimensional kernel, commuting with bis for all s ∈ R,
and such that
aitxa−it = ρitx, ∀ t ∈ R (3-5)
for some ρ > 1.
Then, b has finite spectrum.
Proof. Naturally, it suffices to assume H is infinite-dimensional (otherwise there is nothing to
prove). Let us denote by
Borel subsets of R ∋ Ω 7−→ EΩ ∈ Projections on H
the spectral resolution of b. If the latter has infinite spectrum, we could partition R into infinitely
many Ωn, n ∈ Z≥0 with En := EΩn non-zero.
Because a and b strongly commute, a preserves the subspaces Hn := Im(En) and thus admits
a spectral resolution
Ω 7−→ Pn,Ω
thereon. By (3-5) and the fact that x and b strongly commute, x maps each range Im(Pn,Ω) to
Pn,ρΩ. The boundedness of a means that we cannot scale by ρ > 1 indefinitely, so the kernel of
x
∣∣
Hn
is non-zero for all n. Since there are infinitely many summands Hn, we are contradicting the
assumption on the finite-dimensionality of kerx. 
Remark 3.11. Due to the argument in the proof of Theorem 3.5 showing that Ait and Bis com-
mute, Lemma 3.10 in fact goes through under the formally weaker assumption that the conjugation
actions by ait and bis commute on the algebra of compact operators.
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